Let M be a smooth manifold of dimension 2n, and let OM be the dense open subbundle in ∧ 2 T * M of 2-covectors of maximal rank. The algebra of Diff M -invariant smooth functions of first order on OM is proved to be isomorphic to the algebra of smooth Sp(Ωx)-invariant functions on ∧ 3 T * x M , x being a fixed point in M , and Ωx a fixed element in (OM )x. The maximum number of functionally independent invariants is computed.
Reduction to symplectic group
Let M be a C ∞ manifold and let Proof. The G 2 x -equivariance of δ x is a consequence of the following well-known property: (d(φ * Ω)) x = φ * ((dΩ) φ(x) ). In fact, for every φ ∈ Diff x M one obtains
Next, we show that δ x is surjective. Let
and taking derivatives forF jk and evaluating at x, one obtains
, and from the previous formula one thus deduces τ jkl = F hk (x)
, and recalling that the coordinates are centred at x, taking the formula (1) into account, it follows:
where Ω ′ is the 2-form given by
x Ω . Let M be an arbitrary C ∞ -manifold and letφ :
be a natural embedded submanifold. A smooth function I : S → R is said to be an invariant of first order under diffeomorphisms or even Diff M -invariant if I • J 1φ = I, ∀φ ∈ Diff M . If we set I(Ω) = I • j
1 Ω, for a given 2-form Ω on M , then the previous invariance condition reads as
, for all x ∈ M , φ ∈ Diff M , thus leading us to the naive definition of an invariant, as being a function depending on the coefficients of Ω and its partial derivatives up to first order, which remains unchanged under arbitrary changes of coordinates.
Theorem 2. Let M be a smooth connected manifold of dimension 2n. The ring of invariants of first order on
where
Proof. As M is connected, the group Diff M acts transitively on M . Therefore, it suffices to fix a point x ∈ M and to compute Diff x M -invariant functions in
. From the very definitions it follows:
and by virtue of Theorem 1 the mapδ
x -invariant and surjective; hence the induced homomorphism δ x * :
x is injective. Next, we shall prove that δ x * is also surjective, by showing that every
x takes constant value on the fibres ofδ x , as in this case
is a consequence of the fact that the fibres ofδ x coincide with the orbits of G
To prove this, we first observe that every j
x Ω)) can be written as j 1 xΩ = j 1 x (Ω + Ω) withΩ x = 0, (dΩ) x = 0, and the proof reduces to show the existence of a 2-form Ω ′ given by the formula (2) such that j
x . The rank of Ω being 2n, there exists a coordinate system (
terms of order ≥ 2, becauseΩ vanishes at x, and by imposingΩ to be closed at x, we obtain
Then, the equation j
xΩ is equivalent to the system
as follows by taking derivatives with respect to x l , 1 ≤ l ≤ 2n, and evaluating at x, in the coefficient of dx j ∧ dx k in the right-hand side of the first equation in (2). Furthermore, as a computation shows, the equations (3) are seen to be the compatibility conditions of the system (4), thus concluding that an element j 2 x φ ∈ G 21 x satisfying such a system really exists. Therefore, a G 2 x -equivariant isomorphism of algebras holds:
x , taking invariants with respect to G 1 x ∼ = GL(2n, R), we finally obtain an isomorphism
Once an element Ω x ∈ (O M ) x has been fixed, the following injective map is defined:
Therefore, the Sp(Ω x )-equivariant ring-homomorphism
, and the restriction of α
We prove that α
The definition is correct, since if B also verifies the equation Ω ′ x = B · Ω x , then A −1 B ∈ Sp(Ω x ) and g being invariant under the action of Sp(Ω x ), we have g(
2 The number of invariants
Infinitesimal invariants
From now onwards, V denotes a real vector space of dimension 2n and Ω ∈ ∧ 2 V * denotes a non-degenerate skew-symmetric bilinear form on V .
. We define coordinate functions y abc , 1 ≤ a < b < c ≤ 2n, on ∧ 3 V * by setting
If A ∈ GL(V ), then for 1 ≤ a < b < c ≤ 2n we have
where (λ ij ) 
and taking derivatives at t = 0, it follows:
U abc hij y abc ∂I ∂y hij (θ), U abc hij being as in the statement. The converse follows from the fact that the symplectic group is connected and hence, every symplectic transformation is a product of exponentials of matrices in the symplectic algebra.
By expanding on (6) it follows:
where Y hij = ∂ ∂y hij , 1 ≤ h < i < j ≤ 2n. Given indices 1 ≤ α < β < γ ≤ 2n, the coefficient of Y αβγ in (7) As the matrix U = (u ij ) 2n i,j=1 is symplectic, the following symmetries hold: u j,n+i = u i,n+j , u n+j,i = u n+i,j , u n+j,n+i = −u i,j , 1 ≤ i < j ≤ n.
A vector U * θ belongs to ker(µ θ ) * if and only if C αβγ = 0 for every system of indices 1 ≤ α < β < γ ≤ 2n. We thus obtain a homogeneous linear system S 2n of 2n 3 linear equations in the n(2n + 1) unknowns u ij , i, j = 1, . . . , n; u i,n+j , u n+i,j , 1 ≤ i ≤ j ≤ n, and we have 2n 3 > n(2n + 1) for every n ≥ 4. Evaluating S 2n at the 3-covector θ 0 of coordinates y abc (θ 0 ) = a + b + c, 1 ≤ a < b < c ≤ 2n, as a numerical calculation shows, the only solution to S 2n (θ 0 ) is given by u ij = 0, i, j = 1, . . . , n. We can thus conclude by simply applying the formula (4) for N 2n in Theorem 4.
